The ordinary-slow extraordinary-Bernstein (O-SX-B) mode conversion in the electron cyclotron range of frequencies (ECRF) is revisited in slab geometry. The analytical formula of the O-SX conversion efficiency by Mjølhus is upgraded to include the magnetic field gradient, and the analytical expression of the SX-B conversion efficiency by Ram and Schultz is generalized for the case of oblique injection. Therefore, the conversion efficiency and optimal parallel refractive index for the whole O-SX-B conversion are obtained analytically and a shift of optimal parallel refractive index due to SX-FX loss is found. Full wave calculations are also presented to be compared with the analytical results.
Introduction
Using radio-frequency waves in the electron cyclotron range of frequencies (ECRF) to heat fusion plasmas and drive plasma currents has distinct advantages [1] . Since the conventional ordinary mode (O-mode) and extraordinary mode (X-mode) encounter density cutoffs, they cannot penetrate into high density plasmas and are not suitable for core heating and current drive in high dielectric plasmas, such as spherical tokamak plasmas or high density stellarator plasmas. However, electron Bernstein waves (EBWs, B-mode) have no density cutoffs, so they can be effective for electron heating and current drive in such plasmas [2] .
Rf power can be coupled to EBWs through mode conversion. There are two promising techniques to achieve this. The first technique is to launch the fast X-mode from the outboard side. It tunnels through the upper hybrid resonance (UHR) layer and couples to the slow X-mode, and, eventually, mode-converts to EBWs at the UHR. This is referred to as the FX-B conversion. The process was shown to be efficient over a broad range of frequencies and launch angles, but it required sufficient steep edge density profiles and was strongly sensitive to density fluctuations in the conversion region [3] . The second technique is to launch the O-mode from the outboard side at an optimal angle (relative to the magnetic field) so that the O-mode cutoff coincides with the left-hand cutoff of the slow X-mode. Then the injecting O-mode directly converts to the slow X-mode and eventually to EBWs at the UHR. This is referred to as the O-SX-B conversion, which has been previously studied [4] [5] [6] [7] and practiced successfully in several experiments [8] [9] [10] .
However, there are still some theoretical issues to be considered. Firstly, the effect of the magnetic field gradient may become important in a more realistic two-dimensional geometry [11] , but it was neglected in most previous analytical theories, for example, in the most-cited formula of the O-SX conversion efficiency by Mjølhus [6] . Secondly, the SX-B conversion efficiency derived by Ram et al [3] was limited to the perpendicular injection case, while the O-SX conversion requires oblique injection with an optimal angle.
In this paper, we revisited the O-SX-B conversion in slab geometry analytically and numerically. The analytical formula of the O-SX conversion efficiency by Mjølhus [6] was upgraded to include the magnetic field gradient and the result was compared with similar results from previous papers [5, 7] and full wave results. The analytical expression of the SX-B conversion efficiency by Ram et al [3] was generalized for oblique injections. Therefore, the conversion efficiency and optimal parallel refractive index for the whole O-SX-B conversion can be obtained analytically and a shift of optimal parallel refractive index due to SX-FX loss was found, which is confirmed by kinetic full wave results. The rest of the paper is organized as follows. In section 2 the basic equation is introduced. The O-SX conversion with both density gradient and magnetic field gradient is studied in section 3. The SX-B conversion for oblique injections is studied in section 4, followed by the analysis of the whole O-SX-B process. Finally, a summary is given in section 5.
Basic equation
In a cold magnetized plasma, the wave equation is w and c w are the plasma frequency and cyclotron frequency of electrons, respectively. The ambient magnetic field is along the z-direction.
Using the plane wave assumption 
where k n k 0 = is the refractive index. If we assume that the plasma inhomogeneity is along the x-direction, then for a given frequency and n n 0 y z = = (propagation perpendicular to the magnetic field), the roots of equation (2) are plotted in figure 1 . The locations of the O-mode cutoff (O-cutoff), righthand FX-mode cutoff (R-cutoff), left-hand SX-mode cutoff (L-cutoff) and the UHR are identified explicitly.
The O-SX conversion
Here a slab plasma model in which both the density gradient and the magnetic field gradient are along the x-direction is considered as follows,
where L n and L B are the density and magnetic field scale lengths, respectively. With the assumption of these inhomogeneity scale lengths much larger than the wavelength, the WKBapproxima-
where E 0 and k x are slow-varying functions of x. The localized dispersion relation from the WKB approximation has the same form as equation (2) . To understand the behavior of this dispersion relation near the cutoff layer 0 e =  with an injection angle close to the optimal value, the following orderings are assumed (ε is a small variable), (2) , by setting n n 0.
x y = = For non-small n y , it was shown that the O-mode and SX-mode cutoffs cannot be close and the O-SX conversion efficiency will be very low [6] . Finally, the WKB approximation breaks down at the cutoff layer, but we still can assume that there exists a region where both the WKB approximation and small variable assumption can be satisfied [4] .
Neglecting higher order terms with O , 3 e ( ) the localized dispersion relation is reduced to n n n 4 1
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Using equation (3), the right-hand side of equation (5) can be expanded to the second order near
The O-SX conversion efficiency can be obtained by continuing the WKB solution through the evanescent layer along the decaying branch,
where the integration domain is the width of the evanescent layer between the O-cutoff and L-cutoff. Substituting equation (6) into equation (7), the O-SX conversion efficiency can be obtained as (8) reduces to the most-used formula for the O-SX conversion efficiency [6] T kL Y Y n n n exp 2 2 1 .
From equation (8), it can be seen that the finite magnetic field gradient decreases the O-SX conversion efficiency and it has opposite effect to the density gradient. According to equations (8) and (9), the conversion efficiencies as functions of n z are plotted in figure 2 . Clearly, the optimal parallel refractive index for the O-SX conversion is not affected by L B (if
, but the conversion window is narrowed due to the increase of the tunneling length.
It should be mentioned that the effect of the magnetic field gradient had also been studied in [5, 7] and the result was given as
It is clear that equation (10) cannot return to Mjølhus' result, equation (9) , if only L n is considered. The reason for this difference comes from the different calculation methods. Equation (9) was obtained from a standard eikonal expansion method with the use of a simplified second-order dispersion relation, but equation (10) was obtained from the asymptotic solution of a set of first-order ordinary differential equations, which were simplified from the Maxwell equations.
For comparison, a full wave analysis is performed. The details are given in appendix A and the numerical results are also plotted in figure 2. It should be mentioned that a similar full wave simulation of the O-SX mode conversion problem and comparison between different formulas was carried out by Hansen et al [12] , which confirmed the higher accuracy of Mjølhus' result. Since only the density gradient was considered there, the present work can be viewed as a generalization to include the magnetic field gradient.
It is shown that in the WKB regime (k 0 L n ?1, usually satisfied in large devices for ECRF), the analytical expression of the O-SX conversion efficiency given in equation (8) agrees pretty well with the full wave calculation. However, although the finite magnetic field gradient was also shown to narrow the conversion window, the results from [5, 7] clearly overestimate the O-SX conversion efficiency. Figure 3 gives another example where the inhomogeneity scale lengths are comparable to the wavelength. It is shown that in this case the difference between the results from equation (8) and those from the full wave calculations become significant. However, it is noted that T O SX -becomes insensitive on n z since the conversion window becomes so wide. It should be mentioned that the effect of the density gradient on the conversion window is universal and dominant for typical parameters, and the window-narrowing effect of the magnetic field gradient becomes significant only for rather small L B .
The SX-B conversion
The power launched on the O-mode will directly couple to the SX-mode at the L-cutoff; then the SX-mode propagates towards the UHR where there is mode conversion to EBWs. Most previous works assume the process to be perfect; however, from figure 1 it is possible that part of the SX power can tunnel through and propagate out to the edge of the plasma as an FX-mode. The SX-B conversion efficiency had been theoretically calculated only for the perpendicular propagation case [3] (n z =0). In this section we will try to generalize the result for arbitrary injection angle.
The dispersion relation for the X-mode (one root of equation (2)
Equation (11) has at least one cutoff (the R-cutoff) and one resonance (the UHR). It should be noted that the X-mode dispersion relation, equation (11), and O-mode dispersion relation, which is given as another root of equation (2), coincide at a certain point in the high-field side, which corresponds to a higher density than the L-cutoff. For oblique injections, this point can correspond to either positive or negative n , x 2 in the former case the L-cutoff will belong to the O-mode dispersion curve and therefore cannot be calculated from equation (11) .
From figure 1 , it is possible that there is a tunnelingconverted O-mode, reflected SX-mode and reflectedconverted O-mode in the SX-B conversion process besides the tunneling FX-mode and converted EBW. In other words, the O and X-mode couple with each other in the wave equation, and this coupling will only disappear for the perpendicular propagation case. This is the reason why previous theoretical analysis was limited to this case. However, by solving the kinetic field equations [3] for general cases, it is shown that the tunneling FX-mode and converted EBW are the most dominant parts in the FX-B conversion and the coupling between the O and X-mode is very weak around the UHR [13] . Therefore, it can be supposed that the SX-B conversion process only involves conversion and transmission. Then the problem of SX-B conversion can be simplified to the usual Budden problem for low-field incidence [14, 15] .
Here we try to model equation (11) as a cutoff-resonance pair, which is equivalent to the Budden potential, and then calculate the tunneling factor.
Choosing the position of the UHR as x 0, = the dielectric tensor components can be expanded at the UHR as follows
x, e e = ¢^x , 
From equation (14) it can be seen that C SX B -increases with n z monotonically. For k L 2,
approximately varies from 95% to 99% as n z varies from 0 to 1. So we suppose that in the WKB regime, C SX B -is very close to unity, then the SX-FX tunneling effect and influence of n z on the SX-B conversion are both negligible. But it should be noted that for small spherical tokamaks and stellarators where the magnetic field is relatively weak, the ECW frequency is usually only a few GHz and the edge density profile can be very steep (i.e., H-mode, local limiter). Then it is possible that k L 1 n 0 < [16] , so the tunneling loss cannot be neglected and influence of n z on C SX B -also becomes significant. For k L 0.5,
-approximately varies from 54% to 96% as n z varies from 0 to 1.
The effect of n z on C SX B -can be easily understood from the picture of tunneling. We have numerically calculated the normalized depth of the evanescent layer between the R-cutoff and the UHR k x x 0 U R D = -| | from the original dispersion relation equation (2) for various parameters. It is found that D always increases with n z monotonically. Since the increase of D indicates less power transmission from the SX-mode to the FX-mode, these results, once again, prove the conclusion that C SX B -increases with n z monotonically. Then the total O-SX-B conversion efficiency can be written as follows,
where T O SX -and C SX B -are given in equations (8) and (13). Since C SX B -is smaller than unity and increases with n z monotonically, the O-SX-B conversion window will be suppressed and shifted compared with the O-SX conversion. That is, the optimal parallel refractive index for the O-SX-B conversion should be larger than conventional optimal value in equation (9) . 
the tunneling effect is very small and the
= the shift is about 0.0015. But as mentioned before, k L n 0 can be smaller than 1 for parameters of small spherical tokamaks and stellarators [16] , then both a and η in equation (13) can be pretty small and this shift may become noticeable. To further show the influence of this shift, the O-SX, SX-B and O-SX-B conversion efficiencies as functions of n z are plotted in figure 4 
= the shift is about 0.12. If this effect is not considered, the conversion efficiency will decrease by several percent compared to the optimal value. Since modifying n z can affect the depths of the evanescent layer around both the O-cutoff and UHR; this effect can be understood as to minimize the total power of both the reflected O-mode and reflected-converted FXmode, not only the reflected O-mode as previously.
It is noted that equation (8) is obtained in the WKB regime so it is inaccurate for small k L n 0 as shown in figure 4 , especially when n 1. z  However, for small k L , n 0 n z can significantly influence the C SX B -and, at the same time, T O SX -becomes insensitive on n , z so one can suppose that the shift in the optimal conversion is still at a noticeable level. Here we have numerically solved the kinetic field equations [3] to model the O-SX-B conversion process. The details are given in appendix B. The O-SX-B conversion efficiencies are calculated and plotted in figure 4 . The efficiencies are a little smaller than the analytical results due to other possible losses as mentioned before, and the match becomes poor when n 1 z  as expected. However, the shift of the optimal parallel refractive index is clearly demonstrated and it agrees well with our prediction.
Summary
In summary, the ordinary-slow extraordinary-Bernstein (O-SX-B) mode conversion is revisited in slab geometry analytically and numerically. The analytical formula of the O-SX conversion efficiency by Mjølhus [6] is upgraded to include the magnetic field gradient, as in equation (8), and the analytical expression of the SX-B conversion efficiency by Ram et al [3] is generalized for oblique injections, as in equation (13) . Therefore, the conversion efficiency and optimal parallel refractive index for the whole O-SX-B conversion are obtained analytically in equations (15) and (16) . It is found that the optimal parallel refractive index for the O-SX-B conversion will be shifted to a larger value than the conventional optimal value for the O-SX conversion only due to SX-FX loss. This shift is negligible for conventional parameters, but becomes noticeable for low field devices with steep edge density profiles.
There are still several issues not considered in this paper. Firstly, a slab plasma model is used in the present analysis, and both the magnetic shear [17] and two-dimensional inhomogeneity [11] are neglected. In fact, the magnetic shear can be easily included in the present model by a coordinate shift [17] , and the effect was usually shown to be pretty weak. However, in the edge of a spherical tokamak the shear length can be much smaller than L B , but the WKB approximation usually fails, so a 2D/3D full wave simulation is usually required. Also, since C SX B -is also dependent on n z and can sometimes cause a noticeable shift of n zc , the SX-B conversion may also need to be considered in full wave modeling works [18] when determining optimal injection angles. Secondly, the present work is based on a cold plasma model and only conversion and transmission are considered in the SX-B conversion process. These simplifications are for the convenience of analytical study. The neglected parts, the reflection and O-X coupling at the UHR, will cause the analytical expression to be a little larger than the numerical results, as shown in figure 4 , but are typically small compared with the conversion and transmission in the SX-B process [13] . However, if the reflection and coupling become significant in some cases, a full wave analysis including all components is required. On the other hand, since the temperature is usually about a few hundred eV near the edge of the plasma, its influence is negligible compared with the tunneling loss [13] and our model should still be valid. For higher temperatures, the present model may need to be revised. Since L n , L B and n z can affect the O-SX and SX-B conversion, the results presented here indicate the necessity of choosing n z very carefully according to realistic plasma equilibrium parameters. Finally, nonlinear effects can also influence the SX-B conversion [2] . At the UHR, part of the input wave can decay into daughter waves by the parametric instability. These effects are not taken into account in the present analysis. The full wave equation is 
In a homogeneous plasma, F x ( ) can be written as F F e , Generally n x has four eigenvalues behind the O-SX conversion region. A negative imaginary part will lead to exponential growth of the wave, which is unphysical and negligible. A negative real part will lead to a wave propagating backward behind the conversion region, which breaks causality and is also negligible. Consequently, there is only one damping wave that propagates forward behind the conversion region. It should be noted that this model differs from that applied in [12] , where two forward waves were included behind the conversion region.
Now the boundary conditions can be chosen as follows. There might be an incident ordinary wave, a reflected ordinary wave and a reflected-converted extraordinary wave before the conversion region. Meanwhile, only one damping wave exists behind the conversion region. The matching 
